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Abstract 



We demonstrate a classical equivalence between the large- N limit 
of the Higgsed M = 1* SUSY f7(JV) Yang-Mills theory and the Maldacena- 
Nuhez twisted compactification of a six dimensional gauge theory on 
a two-sphere. A direct comparison of the actions and spectra of the 
two theories reveals them to be identical. We also propose a gauge 
theory limit which should describe the corresponding spherical com- 
pactification of Little String Theory. 
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1 Introduction 



An interesting development in string theory has been the discovery of con- 
sistent interacting non-gravitational quantum theories in dimensions greater 
than four PI |2]. A key example arising in six spacetime dimensions is Little 
String Theory (LST). This theory emerges on the world- volume of NS five- 
branes in critical string theory and decouples from gravity when the string 
coupling is taken to zero. The resulting theory is non-local, exhibiting some 
string-like properties. At low energy Little String Theory reduces to a con- 
ventional gauge theory in six- dimensions. This low-energy gauge theory is 
non-renormalisable and LST is believed to provide a consistent UV comple- 
tion. These theories are of great interest as they represent an intermediate 
state between string theories and field theories. A greater understanding of 
little string theories could improve our understanding of string and gauge 
theories. 

An important challenge in studying these higher-dimensional models is 
to find a consistent non-perturbative definition of the theory. Deconstruc- 
tion 0, jl] 1 is a promising approach to this problem which allows one to 
define higher-dimensional theories as certain limits of better understood four- 
dimensional gauge theories. In particular, the idea is that a four-dimensional 
theory in its Higgs phase can be re-interpreted as a theory with extra com- 
pact, discretized dimensions. It is hoped that in an appropriate continuum 
limit the higher-dimensional Lorentz invariance is restored. In recent work 
jSl, one of the authors proposed a new way of deconstructing a toroidally- 
compactified LST using a marginal deformation of M = 4 SUSY Yang- Mills. 
One of the advantages of this approach is that the continuum limit can be 
studied explicitly using S-duality and the AdS/CFT correspondence. In this 
paper we will present some preliminary evidence that a similar approach 
using a relevant deformation of the M = 4 theory should give a deconstruc- 
tion of the spherical compactification of LST first studied by Maldacena and 
Nunez (MN) [Zj. 

The usual starting point for deconstruction is a four-dimensional theory 
in its Higgs phase. In this case we will study the Af = 1* SUSY Yang- 
Mills jSJ El [Jill UJ] with gauge group U(N) in a vacuum where the gauge 
group is broken down to a U(l) subgroup. We will show in detail that, at 
large- N, this theory is classically equivalent to a twisted compactification of 
Af = (1,1) SUSY gauge theory in six dimensions with gauge group U(l). 

1 see also [5] 
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We demonstrate this equivalence by an explicit comparison of the classical 
spectra and the Lagrangians of the two theories in question, obtaining exact 
agreement. A preliminary account of this work, including a comparison of 
the fermionic spectra, appeared in our earlier letter [12]. In the rest of this 
introductory section we give a brief overview of these results and explain 
their potential relevance to the deconstruction of LST. 

The M = 1* theory contains a U (N) vector multiplet of Af = 1 Supersym- 
metry and three adjoint chiral multiplets of equal mass r\. With appropriate 
rescaling the mass parameter becomes an overall coefficient. Schematically, 
the superpotential is, 

=TlN ^$l[$ 2 ,$3] + ^$^ (1.1) 

which leads to the F-flatness condition, 

$j] = ie ijk $ k (1.2) 

which coincides with the Lie algebra of SU (2). This can be solved by any N- 
dimensional representation of the SU(2) generators |8J. The same set of vacua 
are present in both the U(N) and SU(N) cases. By choosing the vacuum 
= Jj , the iV-dimensional representation of the SU{2) generators, we 
break the gauge group from U(N) to U(l) by the Higgs mechanism. The 
emergence of the extra dimensions occurs via the mechanism seen in M(atrix) 
theory ^3] • The complex scalars of the chiral multiplets form a fuzzy sphere: 
a discrete, non- commutative version of the 2-sphere. The expansion of the 
M = 1* fields about this vacuum allows the theory to be interpreted as a 
six-dimensional non-commutative gauge theory with a UV cutoff in place for 
finite N. Classically, in the limit N — > oo, we get a commutative, continuum 
theory on x S 2 . 

The appearance of a six- dimensional theory can also be understood via 
the string theory realisation of the M = 1* theory 11 . The theory is re- 
alised on the worldvolume of N D3 branes in the presence of a background 
three-form field strength leading to a version of the Myers effect, where the 
D3 branes polarize into a spherically wrapped D5 brane The theory 

living on the worldvolume of the D5 brane reduces to a six- dimensional U(l) 
gauge theory at low energies. The D3 brane charge is realised as N units 
of magnetic flux through the 2-sphere leading to non-commutativity in the 
world-volume gauge theory [TH] as expected. The string theory picture also 
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suggests the identity of the six-dimensional theory. The worldvolume theory 
on a single D5 brane in flat space is a U(l) gauge theory in six dimensions 
with Af = (1,1) supersymmetry. The string theory picture suggests that 
this world-volume theory should be compactified on a 2-sphere in such a way 
that M = 1 supersymmetry is preserved in the remaining four dimensions. A 
conventional compactification on a 2-sphere would break all supersymmetries 
as there are no covariantly constant spinors on S 2 . However, in [7j, Malda- 
cena and Nunez studied a particular twisted compactification preserving a 
quarter of the supersymmetries. In their example, the compactfication of 
the world-volume theory corresponded to wrapping the D5-brane on a non- 
contractible two-cycle of a Calabi-Yau threefold. In the present case, the 
brane is wrapped on a topologically trivial cycle supported by the presence 
of external flux. Our main result is that, despite this difference, the resulting 
compactified world- volume theory is the same. In particular, as iV — > oo, 
the spectrum of the M = 1* theory reproduces that of the six- dimensional 
theory. Interestingly, the agreement persists at finite N provided we make 
an appropriate truncation of the six-dimensional Kaluza-Klein spectrum. We 
also check the agreement directly at the level of the Lagrangian. 

The MN compactification and the Higgsed = 1* theory are classically 
equivalent and are therefore different descriptions of the same classical theory. 
Which description is most appropriate would depend on the length scale 
probed. The compact extra dimensions have a scale dictated by the radius 
of the 2-sphere R which corresponds to inverse mass parameter 77™ 1 in the 
dual gauge theory. At distances L > R the fields have insufficient energy to 
probe the extra dimensions so the theory appears to be a four-dimensional 
J\f = 1 theory with gauge group U(l) and coupling G\ = g 2 m /N. At distances 
L < R the fields have sufficient energy to propagate in the extra dimensions 
and the theory appears to be the six- dimensional MN compactification with 
gauge group U(l) and coupling Gg = 47iR 2 g 2 . m /N . As mentioned above 
the Kaluza-Klein spectrum is truncated at finite N. Correspondingly, at 
distances L < R/N, the theory becomes four- dimensional again and the full 
U(N) gauge symmetry is restored. Thus the length-scale R/N ~ l/{Nrj) is 
the effective UV cutoff or lattice spacing of the six dimensional theory. This 
behaviour is typical of deconstruction. 
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An obvious question is whether we can use the four-dimensional gauge 
theory to define a continuum limit of the six- dimensional theory where the 
lattice spacing goes to zero. If so we would also like to identify the resulting 
continuum theory. The situation is closely related to the one described in 
detail in [6| and we can give a very similar discussion in the present case. To 
get an interacting theory we must keep the six- dimensional gauge coupling 
Gq fixed. It will also be convenient to keep the compactification radius R 
fixed. The corresponding gauge theory limit involves taking N — > oo with 
r] and gy m /N held fixed. Thus we see that the continuum limit of the six- 
dimensional theory is a strong coupling limit of the four- dimensional gauge 
theory. This means we cannot rely on a classical analysis of either theory to 
study the continuum limit. This again is typical of deconstruction. 



However, in the present context, we can make some progress using the 
exact S-duality of the Af = 1* theory which takes — > gi m = 167r 2 /^ m 
and maps the Higgs phase vacuum studied above to a vacuum in a confining 
phase QDj. The mass parameter 77 is invariant under S-duality. Under 
this transformation our proposed continuum limit becomes a 't Hooft large 
N limit where N — > oo with (jy m N and r\ are held fixed. As usual, we 
expect that this limit makes sense and leads to a theory with the qualitative 
features of a closed string theory. Indeed for gy m N >> 1, the corresponding 
SU(N) theory in this vacuum has a dual description involving a spherically 
wrapped NS5 brane in an asymptotically AdS geometry [TT] . The proposed 
continuum limit corresponds to a limit of this system where the dual string 
coupling g s = g^ m /An ^ 0. 

In the case of multiple coincident NS-five branes this is precisely the limit 
used to define LST. Unfortunately, in the present case of a single NS-fivebrane 
it is not known whether a decoupled world- volume theory exists. However the 
above results immediately suggest a promising generalisation which involves 
multiple NS fivebranes. Namely, we should start from an SU(N) theory in 
the vacuum where the $j take VEVs corresponding to the sum of p irreducible 
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representations of SU(2) of dimension q; 

< >= i (p) ® 4 9) 

This corresponds to an SU(N) theory with N = pq Higgsed down to SU(p). 
The low-energy effective theory is M = 1 SUSY Yang-Mills with gauge group 
SU(p) which confines in the IR at scales of order A ~ 77 exp(— 87r 2 g/^ m p). 
However, at scales far above A, the theory is weakly coupled and we may iden- 
tify the effective theory by studying the classical action. Indeed a straight- 
forward generalisation of the above results, discussed in Section 5, suggests 
that the effective theory is a twisted compactification of a six-dimensional 
SU(p) gauge theory of the Maldacena- Nunez type. Taking a similar con- 
tinuum limit, q —>■ 00 with p, gy m /q and 77 held fixed we may perform S- 
duality to a phase where U(N) is Higgsed to U(q) which is then confined 
at a lower scale. As before the corresponding limit becomes a 't Hooft-like 
limit where A" = pq — > 00 with (jy m q, p and rj held fixed. The IIB dual now 
involves p spherically wrapped NS fivebranes ^T] in a decoupling limit where 
g s — > 0. This suggests the Af = 1* theory really deconstructs the full Little 
String Theory on the fivebrane worldvolume and not just the low energy 
six-dimensional gauge theory. More precisely, as in the toroidal case of [Hj 
and in [T^j, a sub-sector of the four-dimensional theory retains non- vanishing 
interactions in this limit while the remaining states in the theory decouple. 
We propose that the interacting sector is equivalent to the MN compacti- 
fication of LST in this limit. The Little Strings themselves correspond to 
the confining chromoelectric flux tube of the gauge theory which has fixed 
tension in the 't Hooft limit. 

The rest of the paper is organised as follows. In section 2 we discuss 
scalars, spinors and vectors on the 2-sphere. In section 3, we determine the 
Kaluza-Klein spectrum of the MN compactification and the corresponding 
action for M = (1, 1) SUSY Yang-Mills theory on TZ 3 ' 1 x S 2 . In section 
4 we describe the emergence of extra dimensions in the Higgsed M = 1* 
theory via deconstruction. In section 5 we review the calculation of the 
fermionic spectrum of the M = 1* theory from m greater detail (for a 
related calculation see [T7| ) and calculate the associated bosonic spectrum. 
We then compare the Af = 1* spectrum with the Kaluza-Klein spectrum of 
the MN compactification and show them to be identical in the limit A" — > 00. 
We also discuss briefly the generalisations of our result for other M = 1* 
vacua. In section 6 we will calculate the effective six-dimensional action of 
the Higgsed Af = 1* theory. We see that the action is identical to the action 
of section l3~Tl demonstrating the equivalence of the MN compactification and 
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the Higgsed M = 1* theory. In Appendix [X] we discuss Clifford algebras in 
various dimensions and review the dimensional reduction of M = 1 SUSY 
Yang-Mills theory in ten spacetime dimensions to six spacetime dimensions 
obtaining the N = (1, 1) SUSY Yang-Mills theory. 



2 Eigenvalues and Eigenstates on the 2-Sphere 

In this section we will discuss fields of different spin on the 2-sphere. To fix 
our notation and conventions we begin with scalar fields before describing the 
less well-known subjects of spinors and vectors on the 2-sphere. The 2-sphere 
is a two-dimensional manifold embedded in 9ft 3 , with a global 50(3) ~ SU(2) 
isometry group, defined by the equation, 

x\ + x 2 2 + xl = R 2 (2.1) 

for a coordinate basis Xi in 3ft 3 . We define the coordinates Xi in terms of the 
coordinates on the 2-sphere q a = (9, 0) and radius R by, 

X\ = .Rsin^cost/) (2.2a) 
X2 = Rsin.8 sin0 (2.2b) 
x 3 = Rcos9 (2.2c) 

which dictates the metric of the 2-sphere, 

ds 2 = R 2 dO 2 + R 2 sin 2 fl dcj) 2 (2.3) 

The generators of SU(2) ~ 5*0(3) are the angular momentum operators Lj. 

Li = -ie ijk Xjd k (2.4) 

In terms of coordinates on the 2-sphere the angular momentum operators 
are, 

d d 
Li = i sin d> — + i cos 6 cot 9 — — (2.5a) 
ad ocp 

d d 
L 2 = — i cos d> — + i sin 6 cot 9 — — (2.5b) 
o9 ocp 

L 3 = -i^ (2.5c) 

which we can summarize as |13j . 

U = -ik?d a (2.6) 
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The metric tensor can also be expressed in terms of the Killing vectors kf 
(defined by the above equations) as, 

9 ab = ^ Kk\ (2.7) 

We can expand any function on the 2-sphere in terms of the eigenfunctions 
of the 2-sphere, 

oo I 



a{6,<f)) = J2 Yl a imYi m {Q,<P) (2.1 



1=0 m=-l 

where a/ m is a complex coefficient and Yi m (9, 4>) are the spherical harmonics, 
which satisfy the equation, 

L 2 Y lm = -R 2 A S 2Y lm = 1(1 + l)Y lm (2.9) 

where A52 is the scalar Laplacian on the 2-sphere, 

A s , = ^-d a (g ab ^d b ) (2.10) 

The spherical harmonics have an eigenvalue \i ~ 1(1+1) for integer I = 0,1, ... , 
with degeneracy 21 + 1. The orthogonality condition of the spherical harmon- 
ics is, 



j <mYlY Vm , = 5 lv 5 mm , (2.1i; 



where dQ = sin 8 



The eigenstates of spin-^ particles on the 2-sphere are the spherical spinors. 
They are eigenstates of the total angular momentum, L 2 and L3. We form 
spherical spinors from spherical harmonics and the spin- ^ eigenstates of spin 
operators S 2 and S3, 




(2.12) 



The spherical spinors are j!8j . 

Vt jlm (6,(t)) = ^C(l, -,j;m- /j l ,/i,m)Yi im ^ tJi (e,(j))x tJ , (2.13) 
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where C(l, m — fi,fi,m) are Clebsch-Gordan coefficients. Explicitly the 
spherical spinors are, 



-2^Y ltm+ x(6,(j) 



_2_ XT 
21+1 1 lr 



where a is a spinor index labelling the two components. The spherical spinors 
are eigenstates of the Dirac operator on the 2-sphere, 

K=~{l+a i L i ) (2-16) 
K 

Here, the index % on Lj refers to the cartesian basis of the three dimensional 
Euclidean embedding space of the two sphere. The operator has eigenvalues, 

"PfiOLkniW) = \^tlm{0A) (2.17) 

where k± = z f(q± + §), q± = I ± ^ ^ n ana l°gy to the spherical harmonics 
we can expand a spinor on the 2-sphere in terms of the spherical spinors, 

oo q± 

v>*(M) = £ E {C^f + i M (^0)+C^f-i M (^0)} (2-18) 

1=0 m=—q± 

where are complex coefficients. The orthogonality condition of the 

spherical spinors is inherited from the spherical harmonics, 

J dn n\ m& {9, 4>) n}„,(0, <i>) = <W<W' (2.19) 

The spherical spinors can also be represented in a spherical basis, in 
terms of coordinates on the 2-sphere q a which takes advantage of the 
local SO (2) symmetry of the 2-sphere. The zweibein (and metric tensor) on 
the unit 2-sphere are, 

g ab = di&g(R 2 ,R 2 sm 2 6); e" = diag(i?, R sin 0) ; g ab = 8 af3 e a a ej 

(2.20) 

where we denote the coordinates on the 2-sphere by the index a, b and the 
local frame by a, (3. Derivatives on the 2-sphere are replaced by generally 
covariant derivatives, 

V a r = d a r+ l -Rfa a pT (2.21) 



where R^f is the spin connection on the 2-sphere and cr a p are spin-| gen- 
erators of SO (2). The non-zero components of the spin connection on the 
2-sphere are, 

Rf = -Rf = -co S 9 (2.22) 

The Clifford algebra in two dimensions is 7 a = {01, er 2 }j where <7j are the 
Pauli matrices. We define the generators <r a/3 through the Clifford algebra, 

^12 = -021 = --[71,72] = <7 3 (2.23) 

The Dirac operator on the 2-sphere is defined as, 

-if s2 = -i e °° (Ta v a (2.24) 

Explicitly the Dirac operator is, 

- i<Ji ( d cot#\ ia 2 d 

- v - = -^(» + — j-5S?a? (2 ' 25) 

We calculate the eigenvalues of this Dirac operator by considering the 
squared Dirac operator, 



{-iVs?) 2 = -jp ( cot d e + d sd s + csc 2 6> 



— ia 3 esc 9 cot 9 ds — - — -csc 2 # 
4 4 



(2.26) 



The generators of SU(2) in the spin-| representation are, 

L 3 = -idf (2.27a) 
L± = ±e** (d e ±icot9d 4) ±^ui9a^j (2.27b) 

We find the relation between the Casmir operator L 2 and the square of the 
Dirac operator is, 

R 2 (-rV s2 ) 2 = L 2 + \ (2-28) 

Therefore the eigenvalues are related and the eigenvalue equation with spher- 
ical spinor T is, 



2 „ 1 /j, 1 



-iV S 2 ) r jm = ( l 2 + - ) r jm 



if n (2 ' 29) 

TT, U0' + l) + 7 Tim 



i? 2 V 4 
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the eigenvalue is 11 ~ j(j + 1) + \ for j = |, |, . . . , with degeneracy 2j + 1. 
By setting j = Z = 1,2, . . . we re-express the eigenvalues in terms of 
an integer quantum number /, resulting in /i ~ I 2 . The allowed eigenvalues 
correspond to /i ~ I 2 for integer I > 1 with degeneracy 21 [TH] . 

We have two types of spinor, both are a complete orthonormal set of 
spinors on the 2-sphere. The two types of the spherical spinors, cartesian fl 
and spherical T are related via a spinor transformation [19j. If we consider 
two spinors, one in the cartesian basis ip{x) and one in the spherical basis 
ip(q). The transformation is, 

r(x) = (V^f^(q) (2.30) 

where the matrix V is, 

y — e 4 2 sin (|j e 2 cos (|J / 

The Dirac operators are related by the similarity transformation, 

(%)%H^)% = V%k^) S $ (2.32) 

where 73 = 01C2 is the two-dimensional chirality operator. The spherical 
spinors types diagonalize two operators [TH], both diagonalize the total an- 
gular momentum L 2 (by definition), the spherical spinor T diagonalizes the 
Dirac operator on the 2-sphere (—iVs?) 2 whilst the spherical spinor Q diag- 
onalizes the orbital angular momentum L 2 . 



With vector fields on the 2-sphere, it is not consistent to expand the com- 
ponents of the vector separately in spherical harmonics [20], e.g. 

V(r, 9, 0) = e r V r + e e V e + e^V* 

jm jm jm 

We must form eigenstates of the total angular momentum for spin-1 particles, 
the vector harmonics are formed from spherical harmonics and the spin-1 
eigenstates of S 2 and S3, 

fi = I i I & = I I e-i = — I ~i I (2-34) 











s 


1 H 
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The vector harmonics are 

Y jlm (0, <P) = J2 °( l > m-a,a, m)Y hm ^{9, <f>)& (2.35) 

a 

where j,l,m are integer quantum numbers. We will use a basis which takes 
advantage of the 5*0(2) 'Lorentz' symmetry [T%| 1211]. 



T 

3 r 



1 

VJU+T) 

3 + 1 



BY - BY ~ 

J m i n 3 m n 



(2.36a) 



iLY 



2j + l 
1 



2j + l 



33+lrn\ u i ' 



(2.36b) 



<9F - BY- 

3 m n i n J m 1 

—+— + csc 9—f— d> 
B9 86 * 



dY jr 



R 



J 



■3 »' 



2j + l 
^ Yj m 



Yjj-l m (9, 6) — 



3 + 1 
2j + l 



Y 



jj+lm\"i ' 



(2.36c) 



The harmonics T jm and S jm are tangential to the 2-sphere, Rj m is normal to 
the 2-sphere. Restricting to the vectors on a unit 2-sphere, we set the radial 
unit vector r = 0, therefore R jm = 0. Covariant and contravariant vectors 
on the 2-sphere can then be defined as, 

Vt = bJT = h^Vi (2.37) 

where g^- = h?8ij. The corresponding covariant vector harmonics are, 

sin 8 BeYj m 4> — csc 9 B^Yjm 9 (2.38a) 
B e Y jm + B^Yjm 4>] (2.38b) 



It- 

R ym 



R 



1 

l 



The Maxwell field on a 2-sphere is a vector field with the gauge invariance, 



An^Ap-RdrX 



(2.39) 



The gauge fields can be expanded in vector harmonics and the scalar x 
can be expanded in spherical harmonics. Under a gauge transformation the 
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components transform as, 

A' e (9, 4>) — R (tj m ( esc 0) <9^F jm + s jm d Y jm - XjmdeYj m ) 



jm 

A'^9, (p) = R^ (tjm sin 9 d e Y jm + s jm d^Yjm - \jm d$Y irn) 

jm 

It therefore follows that we can set the complex coefficient Sj m = via a gauge 
transformation with Xjm = Sj m . The corresponding gauge fixing condition is 
the generally covariant analogue of the Lorentz Gauge. 

VM a = g ab V b A a 

= g ab d b A a -g ab T c ba A c (2.40) 

For the 2-sphere there are only three non-zero Christoffel symbols, 

T% = -cos 9 sin 9 I* = T% = cot 9 (2.41) 

Therefore, 
V a A a = g ab d b A a + -^cot9A e 

= 4 52 7=7= t\ I ( de (~ csc ^ y i™) _ cot ^ csc 'W™ 

+ esc d^deYjm j + s im (d e d e Y jm + cot <9 e Y} m + csc 2 d^Y^ j 

4" a/TTTTi 



(2.42) 



The gauge condition V a A a = thus sets s jm = 0. The orthonormality 
condition for the vector harmonic Ti m is, 

/ dnT\ m T Vm ,=5 lv 5 mml (2.43) 

And it is an eigenfunction of the total angular momentum L 2 and orbital 
angular momentum L 2 , 

L 2 T lm = 1(1 + l)T lm (2.44) 
It follows that we can expand any gauge field on the 2-sphere as, 



oo / 



(=1 m=—l 
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3 Twisted Compactification 



In this Section we study the Maldacena-Nunez compactification of M = (1,1) 
SUSY Yang-Mills in six dimensions and its classical spectrum of Kaluza-Klein 
modes as in We start from the U(l) theory defined on a six-dimensional 
Minkowski space 3ft 5 ' 1 . The global symmetry group is 

50(5, 1) x SO (4) ~ 5*7(4) x SU(2) A x SU(2) B (3.1) 

Here 50(5, 1) is the six-dimensional Lorentz group and 5*0(4) is the R- 
symmetry of the M = (1,1) superalgebra. The matter content is a single 
U(l) vector multiplet of M = (1,1) supersymmetry. It contains 2 a six- 
dimensional gauge field Am, four real scalar fields 0; and two Weyl spinors 
of opposite chirality; A/ and Xj. Their transformation properties under the 
global symmetries are, 





5C/(4) 


SU{2) A 


Sf/(2) B 


A M 


6 


1 


1 


4>i 


1 


2 


2 


Xi 


4 


2 


1 


A, 


4 


1 


2 



Anticipating compactification of two spatial dimensions, we write the space- 
time as 9ft 5 ' 1 ~ 9ft 3 ' 1 x 9ft 2 . This decomposition breaks the six-dimensional 
Lorentz group down to a subgroup, 

H = S0{3, 1) x S0{2) (3.2) 

with covering group, 

H = SU(2) L x SU(2) R x C/(l) 45 (3.3) 

It is straightforward to decompose the six- dimensional fields into representa- 
tions of H. The gauge field is written as, 

A M = A^ /i = 0,l,2,3 (3.4) 
= A a a = M- 3 = 4,5 

and we define the complex fields (taking 5*0(2) — > U(l)), 

n± = -^= (A 4 ± zA 5 ) 

2 The corresponding spacetime indices run over M — 0,1,..., 5, i 
1,...,4, 1 = 1,...,4 



(3.5) 

= 1,...,4, / = 
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Under the decomposition of the S77(4) covering group, the six- dimensional 
spinors A/ and \j, transforming in the 4 and 4, split according to, 

4 -> (2,1) +1 ©(1,2)- 1 
4 -> (2,1)- 1 ©(1,2) +1 

under SU(2) L x SU(2) R where the superscript denotes £7(1) 45 charge. Thus 
we obtain a total of four left-handed Weyl spinors A^, ip? and four right- 
handed spinors A°, ■0?. Here a and a are the usual SU(2)l and SU{2) R 
indices; a and a are indices of SU{2)a and SU{2)b respectively. 



To summarize, the resulting bosonic fields then have quantum numbers, 



SU(2) L SU(2) R £7(1)45 SU(2) A SU(2) B 





2 


2 





1 


1 


n± 


1 


1 


±2 


1 


1 


4>i 


1 


1 





2 


2 



while the fermions transform as, 





SU(2) L 


Sl7(2)fl 


c/(i) 45 


SU(2) A 


5C/(2) B 




2 


1 


+ 1 


2 


1 


K 


1 


2 


-1 


2 


1 




2 


1 


-1 


1 


2 




1 


2 


+1 


1 


2 



We now compactify the theory by replacing the 45-plane by a sphere. 
In conventional compactification the couplings of fields to the curvature of 
the sphere are determined by their quantum numbers under £7(1)45 which 
corresponds to local rotations in the 45-plane. In the compactification of 
Maldacena and Nunez the theory is twisted by embedding the local rotation 
group into the SU (2) a x SU (2) B R-symmetry group of the theory. To ac- 
complish this we define Cartan subgroups £7(1)^4 and U(l) B of SU(2) A and 
SU(2) B with corresponding generators Qa and Q B respectively 3 . We also 
define the diagonal subgroup £7(1)t = -D(£7(l) 45 x £7(1)^) with generator 
Qt — Q45 + Qa- The vector multiplet fields then have quantum numbers, 

3 These generators are normalised to take the values Qa = ±1 on states in the funda- 
mental representation of SU(2). 
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U(1) A U(1) t 



4. 













±2 


fa 


±1 


±1 




±i 1 




K 


±i 1 


II! 


n 





-i 







+i 



We then compactify the theory with U(1)t playing the role of the local 
rotation group (instead of £7(1) 45 ). We will refer to the U(1)t quantum 
number as T-spin and the six-dimensional fields can be split up accordingly 

as, 

T-scalars: Q T = A M , A^ =2 , A^ =1 

T-spinors: Q T = ±1 if>%, fa 

T- vectors: Q T = ±2 rc±, A° =1 , A^ =2 

Correspondingly the terms scalar, spinor and vector will be reserved for de- 
scribing the transformation properties of fields under the four-dimensional 
Lorentz group. The existence of a single Weyl spinor (of both chiralities) 
which is also a T-scalar guarentees the existence of a single massless fermion 
in four-dimensions as required by M = 1 supersymmetry. 



3.1 Maldacena-Nunez Bosonic Action 

A direct calculation of the MN action can be performed by the twisted com- 
pactification of the M = (1,1) SUSY Yang-Mills action, allowing a compari- 
son with the effective six-dimensional action of the Higgsed M = 1* theory. In 
this section we will calculate the bosonic part of this action. The M = (1,1) 
action with gauge group U(l) is obtained via the trivial dimensional reduc- 
tion of the M = 1 SUSY Yang-Mills theory in ten spacetime dimensions with 
gauge group U(l) (see Appendix 1X1 for more details). The action for this 
U(l) theory is, 

s = 7 1 d " x {~i FijFij ~ \ diCt>n&ir } (3 - 6) 
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where i,j = 0, 1, . . . , 5 and n = 1, . . . , 4. We split the manifold 
J? 3 - 1 x and let fj, = 0, 1, 2, 3 and a = 1, 2. 



-\p ab F ab - \d^ m d»<T - \d^ m d a r 

We want to perform the twisted compactification on the sphere 5 2 . U(1) T ~ 
SO(2)t is the local rotation group in the twisted compactification. From the 
group structure in section 3 we see that is a T-scalar, <p m form T-spinors 
and n a form T-vectors. In moving from a flat spacetime to a curved space- 
time, derivatives on the flat spacetime become general covariant derivatives. 
9,, -> and d a -> V . 

-> ^ ( 3 - 7a ) 
<9 M n a -> <9 M n a (3.7b) 

A general covariant derivative's action on a scalar is that of an ordinary 
derivative. 

d a A^ - V a A M = «9 a A M (3.8) 
For a vector <9 a n b — > d a n b — T c ab n c , where T c ab is a Christoffel symbol. 

F a fe = d a n b - <9 fe n a -> Tab = d a n b - T c ab n c - d b n a + T c ba n c ^ 

= d a n b - d b n a 

Consider the real scalars <p m of 5*0(4). In order to transform these real 
scalars into T-spinors on the sphere we need to reveal the spin structure of 
SU(2)a- We construct an 50(4) bispinor, 

Substituting this expression for the real scalars into the last term of the 
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action, 



d 2 xd a v^d a v q 

\2 a 



d z xv\d a d a vj± 

-\ J d 2 xZ{(d a d a ®l 2 f^ 



a 



where E & = y ±* j and (u/)t = (A^A^) f = -v\ . The differential 
operator can be rewritten, 

d a d a (g)l 2 = a a d a a b d b = f (3.10) 
Moving from flat spacetime to curved spacetime, (j) — > V52, 



Similarly, 
Therefore the bosonic MN action is, 



d,<P m dy m = l -d^~ & (3.12) 



S B = ^J d A x J R 2 dVt j-1 F lu/ F ta/ - l - d^n a dV - d^n a d a A" 



(3.13) 



3.2 Maldacena-Nunez Kaluza-Klein Spectrum 

Each six-dimensional field has a kinetic term on S* 2 . After expanding in 
appropriate spherical harmonics, this kinetic term determines the masses of 
an infinite tower of four-dimensional fields. We now consider the Kaluza- 
Klein spectrum of each type of field in turn. 
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After integration by parts, the kinetic term for a T-scalar field defined 
on a 2-sphere of unit radius can be written as, 

S A =\ f R 2 dtt A^ApA" (3.14) 

To find the mass eigenstates we expand A^ in terms of spherical harmonics 

as, 

oo +1 
1=0 m=-l 

From section[2]we know the eigenvalues of the scalar Laplacian are \i ~ 1(1+1) 
for integer I > and for m = —I, ... + /. Thus for each T-scalar field in 
six dimensions we find a Kaluza-Klein tower of four-dimensional fields with 

masses, 

M 2 = j- 2 1(1 + 1) (3.16) 

with degeneracy (21 + 1). According to the list of T-scalar fields given above 
we find a four- dimensional vector field, a left-handed Weyl spinor and a right- 
handed Weyl spinor at each mass level. The corresponding representations 
of the four- dimensional Lorentz group SU(2)i x SU(2)r are, 

(2,2)©(2,1)©(1,2) 

For I = 0, the corresponding four-dimensional fields are massless and the spin 
quantum numbers match those of a single massless vector multiplet of Af = 1 
supersymmetry. For I > 1, we find massive vector fields together with Weyl 
fermions. However, a massive vector multiplet of M = 1 supersymmetry also 
includes scalar fields in four-dimensions. Thus, for I > 0, the fields descending 
from the T-scalars in six dimensions do not form complete multiplets of 
M = 1 supersymmetry. This puzzle will be resolved below where we will find 
the additional states needed to form massive vector multiplets. 

A two-component Dirac T-spinor T defined on a 2-sphere has kinetic term, 

Sr = \ J i? 2 rffizTV 5 2T (3.17) 

From section |21 we know the eigenvalues of the Dirac operator on the 2-sphere 
correspond to fi ~ I 2 for integer I > 1 with degeneracy 21. The fermionic T- 
spinor fields, and '0? listed above can be combined to form two-component 
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Dirac spinors on S 2 with kinetic terms (j3.17j) according to, 




(3.18) 



for a — 1, 2, a — 1, 2. Thus we obtain four-species of Dirac spinors on the 
2-sphere. Each species yields 21 states of mass, 

M 2 = ^-l 2 (3.19) 
R z 

for I > 1 after expansion in terms of eigenstates of the squared Dirac operator. 
At each mass level we therefore find 8/ off-shell degrees of freedom which 
can be recombined as 4/ left-handed and 41 right-handed Weyl spinors in 
four dimensions. These Weyl spinors must be paired with bosonic fields to 
form multiplets of M = 1 SUSY in four dimensions. The extra fields come 
from Kaluza-Klein reduction of the bosonic T-spinors (pi, i = 1,2, 3, 4, which 
yield massive scalar fields in four dimensions. These states combine with the 
fermionic T-spinors to form massive chiral multiplets with Lorentz spins, 

(2,1) © (1,2) ©2 x (1,1) 



It remains to determine the Kaluza-Klein spectrum of the T-vector fields. 
As we have unbroken M = 1 supersymmetry in the four non-compact dimen- 
sions it suffices to focus on the bosonic T-vector fields n± = (At ± iA 5 )/y/2. 
The two real components A 4 and A 5 define a Maxwell gauge field n a on the 
2-sphere. The resulting kinetic term reads, 

S n = \ [ R 2 dn \T ah T ah (3.20) 

where JF ab = d a n b — dbn a . We impose the gauge condition V a n a = and 
expand n = (ng,n^) in terms of vector spherical harmonics, 

l,m 

The field tensor expands as, 

Tb4> = R ^ nim r— — ==(dg(sin 9 d e Yi m ) + esc 9 d^YiJ) 
\Jl[l + 1) v 



l,m 



R ^2 nim 7m — tt sin L2Ylm 

Lm VH' + 1 ) 



20 



The Maxwell term is, 

Sn = i S n L n /'m' / ( / + !) <^'<W (3-22) 
^ 6 l,m,l',m' 

Thus the T-vector field n± yields a Kaluza-Klein tower of four-dimensional 
scalar fields of mass, 

M 2 = -^/(Z + l) (3.23) 

with degeneracy 21 + 1 for Z > 1. Notice that these fields are degenerate in 
mass with the four-dimensional vector fields coming from the Kaluza-Klein 
reduction of the T-scalars. In fact the number of scalar fields is just right to 
pair up with the massive vector fields to form massive vector multiplets of 
M = 1 SUSY in four dimensions with Lorentz spins, 

(2,2) ©2 x [(2,1) ©(1,2)] ©(1,1) 

The fermionic part of each multiplet includes two species of left- and right- 
handed Weyl fermions. One species comes from the KK reduction of the 
fermionic T-scalars A^ =2 and A° =1 and the other comes from the reduction 
of the fermionic T- vectors A" =1 and A^ =2 . 

We summarise the complete Kaluza-Klein spectrum of the MN compacti- 
fication in the table below, 



T-scalar: 



A 


States 


1(1 + 1) 


(2Z + l)x {(2, 2) ©(2,1) ©(1,2)} 




^ = 0,1,2,... 



T-spinor: 



A 


States 


I 2 


4/x {(2, 1)©(1,2) ©2 x (1,1)} 



Z = 1,2,3,... 
T-vector: 



A 


States 


1(1 + 1) 


(21 + l)x - 


(2,1) ©(1,2) ©2 x (1,1)} 
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We can also present the spectrum in terms of complete M = 1 multiplets. 
The spectrum includes a single massless U(l) vector multiplet. The mas- 
sive spectrum is labelled by a positive integer / = 1,2,... and includes the 
following states, 



Mass 


Degeneracy 


Multiplet 


ari(/ + i) 


21 + 1 


Massive Vector 


J_ /2 

R 2 1 


41 


Massive Chiral 



4 Deconstruction 

In this Section we motivate the appearance of extra dimensions in the large- 
N limit of J\f = 1* SUSY Yang-Mills with U(N) gauge group. The J\f = 1* 
theory is a relevant deformation of the M = 4 SUSY Yang-Mills theory. We 
deform the M = 4 theory's superpotential by adding mass terms for the 
chiral multiplets, 



3 



W($) =Tr,v h/2$i[$2,$ 3 ]+*7X^i ( 41 ) 



i=l 



The theory has no moduli space, instead it contains a number of isolated 
vacua jH]. The F- flatness condition is, 

[$i,$ j ]=V2riiei j k&k (4.2) 
Under the reparameterization, 

^ ^ (4 ' 3) 

the F-flatness condition ()4.2j) becomes, 

[$ i ,$ j ]=ie ijk $ k (4.4) 

which is precisely the SU(2) Lie algebra. It can be solved by any iV- 
dimensional representation of the SU(2) generators, which in general will 
be reducible. This solution also satisfies the D-flatness condition. Our gauge 
group is U(N) ~ SU(N) x U(l), with $j represented by N x N matrices. 
There is a single irreducible representation of the SU (2) Lie algebra for 
every dimension d, which allows the gauge group to be decomposed into a 
number of irreducible representations, of total dimension N. If the number 
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of times a representation d appears is denoted kd, then the unbroken gauge 
group is U(N) — > ®dU(kd)- We are interested in the Higgs vacuum where 
$i = J- N \ breaking the gauge group U(N) — > £7(1). More general Higgs 
branches are present, where the gauge group is broken U(N = pq) — > U(p) 
by p copies of the g-dimensional representation of the SU(2) Lie algebra, 

$i = l p <g> 4 q) . 

The extra dimensions emerge via the mechanism seen in M(atrix) theory, 
which we will illustrate in the rest of this section. It was interpreted as 
deconstruct ion in [2*1] . We find that the Higgs vacuum describes a fuzzy 
sphere [22] . If we rescale the matrix fields 4 Xi = t<E> j , where r 2 = , then 
the expectation values in the Higgs vacuum satisfy, 

x\ + x\ + x\ = 1 (4.5) 

which is the defining equation of a fuzzy sphere. The coordinates of the fuzzy 
sphere Xi have the commutation relation, 

[xi,Xj] = ire ijk x k (4.6) 

We recover the ordinary commutative sphere in the limit iV — » oo. 

The Higgsed M = 1* theory is a theory of N xN matrices. There is a well 
known correspondence between such matrix theories and non-commutative 
field theories. Scalar functions on a 2-sphere can be expanded in terms of 
spherical harmonics, 

oo I 

a(9, <P) = J2Ys a i™Yim{0i 0) O) 

1=0 m=-l 

The spherical harmonics can be expressed in terms of the cartesian coordi- 
nates xa with A — 1, 2, 3 of a unit vector in 5i 3 [13j . 

y^M) = E/tV Al ---^ ( 4 - 7 ) 

A 

where a ls a traceless symmetric tensor of SO (3) with rank I. Similarly 
we can expand N x N matrices of a matrix theory on a fuzzy sphere as, 

N-l i 

1=0 m=-l 

Y lm = R-^ftU^ 1 ---^ 1 (4-9) 

A 

4 We denote all matrix fields with hats. 
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where xa 



2R AN) 



= J A n> and fjl™..Ai * s the same tensor as in ()4.7|) . The 



Vn 1 



matrices Y\ m are known as fuzzy spherical harmonics. They obey the or- 
thonormality condition, 



(4.10) 



There is an obvious relation between equations ()2.8|) and (j4.8jl . 

N-l I 

a lmXim{9,(f)) 



N-l I 



(4.11) 



i=0 m=-l 



1=0 m=-l 



Notice that the expansion in spherical harmonics is truncated at iV — 1 re- 
flecting the finite number of degrees of freedom in the matrix a. This is a 1:1 
mapping, formally given by [T3j . 



a(6, 0) = ]T ^N(Yla)Y lm {0, <P) (4.12) 

Im 

The matrix trace is mapped by equation f)4. llj) to an integral over the sphere. 

The product of matrices maps to the star-product on the non-commutative 
sphere 5 , 

a * b(0, 0) = ]T ^N(YLab)Y lm (9, 0) (4.14) 



Im 



This product is non-commutative due to the non-commutative nature of ma- 
trix multiplication. This mapping produces a correspondence between matrix 
theories and non-commutative field theories. 



In analogy to continuum field theory we have derivative operators for the 
matrix theory. They correspond to the adjoint action of j\ 



(N), 



Ad(J. 



Ad(J { ± N) ) 



Im 



Im 



j(N) y 
u 2, i 1 Ira 



j(N) y 



^ aim m Y im 

Im 



(4.15a) 
(4.15b) 



^2 aim V( l±m + l)(/=F"i) Y lm±1 



Irn 



5 In order for the mapping to remain 1:1 we must assume that N is sufficiently large 
such that l + V ^ N- 1. 
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The properties above, equations (|4.15jl . show that by the correspondence 
between matrices and functions (j4.11|) the adjoint action of j\ N ' becomes, 

AdiJ^^L, (4.16) 

The operator Lj is the derivative operator on the non-commutative sphere. 
The fuzzy spherical harmonics have the commutator [2*3] . 

where the structure constants are, 



= 2 v / (2/ 1 + l)(2/ 2 + l)(2/ 3 + l)(-l)^ 1 



h k k \ f h h k \ ( 4 - 18 



x 

rrii m 2 m 3 



N-l N-l N-l 



2 2 2 

(...) is a Wigner 3j-symbol and {. . . } is a Wigner 6j-symbol. For large- N 
the 6j-symbol behaves as N~ 3 ^ 2 In the limit N — > oo the commutator 
(|4.17|) becomes, 

[Y hmi ,Y hm2 ] = (4.19) 

and we recover the usual commutative spherical harmonics, this is the com- 
mutative limit. 

The correspondence (|4.11)l allows us to map a matrix model to a non- 
commutative field theory. For the Higgsed Af = 1* theory this mechanism, 
from M(atrix) theory fSlEl], produces a six- dimensional non-commutative 
field theory, with a UV cutoff for finite N. The limit iV — > oo the theory 
becomes a commutative, continuum field theory on x S 2 . 



5 Classical M = 1* SUSY Yang-Mills Spec- 
trum 

In this section we will calculate the full classical spectrum of the Higgsed 
M = 1* theory. The classical action of M = 1* theory corresponding to the 
superpotential ()4.1|) with reparameterization ()4.3|) is, 

S =~T~ I d " x Tr ^{ - 7 - ir, 3 Xa^D^X - ir, 3 

- 2rfD^\D^ + A] - iA[$t, ^] + i^, A] - zA[$ i; ^] 

+ 4[*J, *}][<&<,<&,■] -Ais^li^,^] -4z£^[$l,^.]$ fe - 8 

(5.1) 
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where A is the gaugino and ipi are the superpartners of $j; = d^A u — 
d v A^ + irflAp, A v ] and _D M $ = <9 M $ + ir^A^, $]. We have chosen to normalise 
all our fields such that every term in the action has the prefactor \jg^ m . 

We expand the complex scalars about the Higgs vacuum 
only terms quadratic in the fields contribute to the mass spectrum, hence 
we will ignore the higher orders. We will derive the spectrum from both the 
fermionic and bosonic contributions. We first calculate the fermionic mass 
matrix, the contribution is, 

C FM = 2?] Tr N I iipie ijk [Jk,ipj] + ii>ie ijk [Jk,4>j] -i\[Ji,ipi\ 

1 . . M (5-2) 

+ i^i[Ji, A] + iipi[Ji, A] - i\[Ji, i/ji] - vpiipi - 

where we have suppressed the label (N). We rewrite this expression to form 
the fermionic mass matrices, 

c FM = 2,{NX 8 3«). + (*«)JO*J)-} (5-3) 

where the four species of Weyl fermion are combined in a column ty R with 
^ R — x/ji for R — % — 1, 2, 3 and ^ 4 = A. The mass matrices A and A have 
the explicit form, 

A SL = i£ ijk (SacWbd ~ {Jt)ac hd) - Sij 5 ac 5 bd = A ( ^ cd (5.4a) 
A£L = -i((Jt)ac6 u -6 ae (J i )J)=A<^ (5.4b) 
AitL = -i(sM) bd -(j;)a C 6 M )=A^ d (5.4c) 

The masses of physical states are detemined by the squared mass matrix, 

M (RS) _ 4 „2 X (iff) a(T5) (t . -v 
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Explicitly these matrices are, 



M. 



ab,ef 



(J* J* - J*J*) ae 5 bf + 5 ae (JiJj - JjJi)bf 
2i£ij k 

(8ae(Jk)bf ~ (Jk)aetibi) + Sij^S ae (J k J k ) bf (5.6a) 
-2(Jl) ae (J k ) bf + (Jk-Jk)ae5bf + Sae$bf} 

£ ijk((Jj)ae(Jk)bf ~ (JkJj)ae^bf ~ &ae{JkJj)bf (5.6b) 
+ {Jk)ae{Jj)bf) +l({J*)aehf ~ M J i)&/) 

-£ijk^5 ae (JjJ k )bf - {J k )ae{Jj)bf - (Jj)ae(Jk)bf (5.6c) 
+ ( J j J k)aeSbf} -i([Ji)aehf ~ S ae (Ji)b/j 

5 ae (JiJi)bf - 2(j;) ae (J,) 6/ + (J* J*) ae 5 bf (5.6d) 
In order to diagonalize this matrix we consider the bilinear form, 



M. 



(4i) 



ab,ef 



SJef 



We expand the fermionic fields in fuzzy spherical harmonics as, 



R 



This expansion then yields, 

N-l I N-l V 



Z=0 m=-i i'=0 m'=-V 



with 



,v(-RS) 



\ 















\ 





J(L) + 1 



J 2 / 

(^) ' mill- 



(5.7) 



(5.8) 



(5.9) 



(5.10) 



with L — 21 + 1. 

The bosonic mass matrix receives a contribution from the scalar potential 
and a contribution from the covariant derivative of the complex scalars. The 
scalar potential of the Af = 1* theory is, 



V = A^nH^H^ + 2 V 4 Tt n D 2 
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(5.11) 



where, 

= [J U 5$j] - [Jj, 5$i} + [5$i, 6$j] - ie ijk 

D 2 = [$J,$.] 2 

\jiM\] + [Ji,8*i] + [5*l8*i] 
The scalar potential to quadratic order in the fields is, 

V = 2 v 4 Tr N { -qj^StyftJi^Qj] +4[J i ,6ty][J j ,6Q i ]+8ie ijk 6& k [J i ,6Q j ] 

+ 45*16% + [Ji, 5$\} 2 + 2[Jt, «5$J] [J,, 5^} + [J t , S&tf} 

(5.12) 

Using the cyclicity of the trace and imposing the gauge condition [Jj, 5&i] = 
the second term becomes, 



TMJ^p^] = Tr N ([5*], J s ][6%, Ji] - [S^S^UiJi 



= -Tr N ie ijk 5<Z>l[Ji,5<Z> 



(5.13) 



Hence under the gauge condition the scalar potential is reduced to, 

V = 8 V 4 Tt n {5^][J z , [Ji, SQj}} + ie ijk 6Q[Jj, 5$ k ] + 6^\S% } (5.14) 
The bosonic mass contribution is, 

My = A v 2 Tr N {SQpi, [Ji, 6^]] + ie ijk 5§\[J , 5$ k ] + 5^5^ } (5.15) 
Expanding perturbations 8&i in fuzzy spherical harmonics, 

^ = ( 5 - 16& ) 

l,m 

m = ( 5 - i6b ) 



l,m 

then, 



M v = Ar 1 2 E (0L)VL'CL (5.17) 

l,m,l',m' 
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where, 



Af (ik) 
JV Zm,i 



%' = ( J l) + l) mm , Swfa + is ijk (jf } ) ; S W (5.1 

" w " \ / mm' 

The covariant derivative of the complex scalar is, 
2r ] 2 Ti N D^\D^ l = 2 V 2 Tt n faty + ir][A^ $|]) (>$. + ^[A", $ 



(5.19) 

This contributes to the bosonic mass matrix, 
M D = -A V 2 Tr N [J u 4p, >] = 4?7 2 Tr^J 2 , >] 

=v E (^)) mm ,^ (5 - 20) 

lm,l'm' 

The Bosonic Mass Matrix is, 

N-l l N-l V 



1=0 m=-l l'=0 m'=-V 



(5.21) 

where the three complex scalars and gauge boson are combined in a column 
vector $ij with = for z = 1, 2, 3 and $4 = A^. The matrix iVy m is 
the same matrix as (|5.10j) . 

The fermionic and bosonic calculations lead to the same matrix. To 
complete the diagonalization we must solve the characteristic equation of 
the matrix N( m {, m ,. Consider the (p + q) x (p + g) matrix, 

(P) (9) 

* = (p) / A 5 \ (5.22) 



(g) V C D 

The determinant of <Y can be evaluated using the formula, 

Det(X) = Det(A)Det(D - CA- l B) (5.23) 

Clearly in the mass matrix A^^; m , the gauge boson/gaugino contribution is 
trivial and we will concentrate on calculating the determinant of, 



N 1 

1 ' mm' 



/ 7 (L) .i -*4 L) \ 
7^.1 -ij[ L) 

\ -iJ { 2 L) ij[ L) 7 (L) -1 / 



(5.24) 



where 7^ = /(/ + 1) + 1 — A and A is the eigenvalue of the characteristic 
equation, 

Det (N - Al) = (5.25) 
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We define the matrix, 



A 



7 



whose inverse is, 



where, 



A- 1 



7 



a 6 
—6 a 



( 7 (0)2 _ m 2 
( 7 (L))2 _ m 2 



(5.26) 
(5.27) 

(5.28a) 
(5.28b) 



We find that, 

Det(JV-Al) = JJ J] ( 7 W-l) 2 ( 2 ^ 1 )( 7 W + a+3 (7 (L) -(Z+l)) 2 '" 1 (5.29) 



AT-1 J 



Z=0 m=-/ 



The roots of this characteristic equation yield the eigenvalues of the mass 
matrices. 

For I = we therefore find, 



Eigenvalue Degeneracy 




1 



1 

3 



while for I — 1, 2, . . . , N — 1 we get, 



Eigenvalue Degeneracy 
T 2 27^1" 
1(1 + 1) 2(2/ + 1) 
(l + l) 2 2/ + 3 

To find the complete spectrum in this case we sum over all values of I. The 
final result is a single zero eigenvalue and two series of eigenvalues labeled 
by a positive integer k — 1, 2, . . . TV — 1, 



Eigenvalue Degeneracy 

¥ Ik 

k(k + l) 2(2k + l) 
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Finally we find one extra eigenvalue A = iV 2 with degeneracy 2N + 1. 

Each eigenvalue of the fermionic mass matrix corresponds to a single left- 
handed Weyl fermion and it's right-handed charge conjugate. Similarly each 
eigenvalue of the bosonic matrix corresponds to a complex scalar or gauge 
boson. The theory has M = 1 supersymmetry, therefore all the states must 
form Af = 1 supersymmetry multiplets. We began with a U(N) gauge group 
which is broken to U(l). The spectrum must contain a single massless gauge 
boson and N 2 — 1 massive gauge bosons. Clearly the I = state must form 
a massless vector multiplet. The N 2 — 1 massive gauge bosons must form 
N 2 — 1 massive vector multiplets, which are formed from a massless vector 
multiplet and a massless chiral multiplet. The remaining states must form 
massive chiral multiplets. 

In addition to a single massless vector multiplet we have two towers of 
multiplets labelled by k = 1,2, . . . , N — las tabulated below, 



M 2 


Degeneracy 


Multiplet 


rfk(k + 1) 
rfk 2 


2k + 1 


Massive Vector 


Ak 


Massive Chiral 



The spectrum is completed by 2N + 1 chiral multiplets of mass M 2 = rfN 2 . 
In the limit iV — > oo this precisely matches the spectrum of the Maldacena- 
Nunez compactification with the identification r\ ~ up to a numerical 
coefficient. For finite N the spectrum of the M = 1* theory is a subset of 
that of the six- dimensional theory obtained by retaining only those states 
with mass less than N 2 (together with 2N + 1 chiral multiplets of mass equal 
to N 2 ). 

We can generalise the above calculation to the more general Higgs vacua 
discussed in section HJ where the gauge group is broken from U (N) — > U(p) 
with N = pq. In this case, the vacuum expectation value takes the form, 

< >= l(p) ® 4 q) (5.30) 

In this vacuum the field fluctuations decompose as a tensor product, 

i. m 

The q 2 coefficients <pj^ are p x p matrices and the fuzzy spherical harmonics 
are q x q matrices. The k = mode remains a massless vector multiplet, but 
now has degeneracy p 2 . Note that, in constrast to the maximally Higgsed 
vacuum, the U(p) low-energy effective theory is asymptotically free and a 
classical analysis is only reliable at scales much higher than the corresponding 
dynamical scale. 
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The remaining q 2 — 1 modes (at finite N, q) are, 



M 2 


Degeneracy 


Multiplet 


rfk(k + 1) 
7] 2 k 2 


{2k + l)p 2 
4k p 2 


Massive Vector 
Massive Chiral 



for k — 1, 2, . . . , q— 1. The spectrum is completed by (2q + l)p 2 extra massive 
chiral multiplets with mass M 2 = rfq 2 . Notice that the degeneracies of all 
states are integer multiples of p 2 consistent with each state transforming 
in the adjoint of the unbroken U(p) gauge symmetry Finally, we can also 
study the spectrum corresponding to vacua of the SU(N) theory. The effect 
is simply to replace p 2 by p 2 — 1 appropriate for adjoint multiplets of an 
unbroken SU(p). 

In each of the cases discussed above, the spectrum matches the Kaluza- 
Klein spectrum of a six-dimensional theory with non-abelian gauge group 
{U(p) for the U(N) theory and SU(p) for SU(N)). In fact this spectrum 
can be obtained from a MN twisted compactification of the corresponding 
TV = (1,1) SUSY Yang-Mills theory by an easy generalisation of the analysis 
of Section El 

6 Effective Six- Dimensional Theory 

In the N — > oo limit, the classical spectrum of the TV = 1* theory is identical 
to that of the MN compactification. We now calculate the effective action of 
the Higgsed M = 1* theory and compare the action with the six- dimensional 
bosonic action (|3.13|) action derived in section I3~T1 We follow the deconstruc- 
tion procedure described in section mapping the four-dimensional matrix 
model of the Higgsed M = 1* theory to a six- dimensional non-commutative 
field theory, and then take the commutative limit (N — > oo). We will break 
up the calculation into four parts. We begin with the scalar potential, with 
gauge condition [«/$, = imposed. 

V = 4r ] 4 Ti N H} J H ij + 2r ] 4 Ti N D 2 

= ^TtN^pi, [J u 8^]] + ie ijk 8ty[Jj, 8$ k ] + 8^,8^ 

-[Ji.^.p&t,^.] + [Ji^iS^S^+ieykidtyMtyh 
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where, 

Hij = - ie ijk $ fc 

= [Ji, 5$j} - [Jj, 5$i] + [8$i, S&j] - ie ijk 5$> k 

D = [J t ,5&\] + [4,5^] + [5*15^] 

From the correspondence between matrices and functions (equations (j4.11j) 
and (glU ), 

where {}* means all products are non-commutative star-products. Taking 
the commutative limit 6 , 

The bosonic kinetic terms are, 

= V 2 Tr N { - -F^F"" -2(d^\d^% -i^A^d^ 

- V 2 [Ji,AM,M +vVi,M^,S®i] +v 2 [A„5^l}[J t ,A^} 
**<])} 

where F^ = d^A u - d„A^ + i-q[A^ A„] and D^i = d^i + irj[A^ From 
the correspondence between matrices and functions, 

Cakin = ^V 2 j ' dn{-\F, v F^ - 2(^(^1)^(5^) -^(^(L^) 
-rfiUA^UA*) + r ) 2 (L i A„)[A^S^ i ] + r? 2 ^, 5$I](L^) 

6 Note commutators of field fluctuations vanish in this limit, see equation (|4.19|l . e.g. 

[SQuSQj] =0 
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Taking the commutative limit and applying the gauge condition Lj5<E»j = 0, 

Cbuu = ^v 2 Jdn{- -F^ - 2d li {8$\)d*(8$ i ) + 2r l \L t A,){L l A»)} 

(6.2) 

where now F^ v = d^A u — d u A^. Consider the fermionic interaction terms, 

+iipi[$i A] + A] - - - 

= 77 4 Triv|^ei jfe [J fe ,^] + i^i€ ijk [5^k, + i^ijkiJk,^} 

+4 i e ijk [5& k ,i) j \ - i\[Ji,j>i] - i\[6$\,j>i] + ij>i[Ji, A] + #i[<J$t, A] 
+^i[Ji, A] + A] - i\[J, n i)i] - iX[S^i,^i] - ij^i - V>iV>jj 

From the correspondence between matrices and functions, 

Cpint = ^ V 4 J dQ^ii/jie ijk {L k ipj) + iipie ijk [5® k , ipj] + i^i€ ijk {L k $j) 

+i*pie ijk [5$l, $j\ - iX (Liifii) - i\[6$\, ipi] + (L<A) + A] 
(LjA) + i$i[6&i, A] - «A (Lj^j) - iA[5$i, ^] - - 

In the commutative limit, 

= 47T ^ 4 / £ ijk L k^j + tyi £ijkL k ^j - iXL^i 

+ i^-M + i^piLiX - iXLi^pi - - J 

The fermionic kinetic terms are, 

^Ffcm = -iv 3 Tr N (Xa^D lx X + 'ijj i a tl D^ 

= -ir] 3 Tr N (Xa^d^X + irjXa^A^, A] + + ^(7 M [i M , 

From the correspondence between matrices and functions, 
= ^ 3 y dn(A<T"9 M A + irjXa^An, A] + 



(6.3) 



+ 



34 



In the commutative limit, 

Cfhu = -i^ V 3 J dn (Xa^X + A^d^ (6.4) 



Summarising the action, 
1 N 



a 2 An 



if J d 4 x J dfij - l -F, v F^ - 2fy(<rat)#»(£$.) 

(6.5) 



- irjXa^df.X - irjip^d^i + rj 2 [2(L i A^(L i A t ") + i^iS ijk L k ipj 



+ ii)iei jk L k ipj - iXL^i + itpiLiX + i^iUX - iXL^ - tpiip. 
_ _ 8S<Z>\ (i 2 5$,) - 8ie ijk 5$\ (Lj - 86$\6$. 



Before proceeding further we want to rewrite this action with Majorana 
spinors. We define the Majorana spinors, 

*"=(&) A *=(*) (6 ' 6) 

with 50(3, 1) index A. The action is now, 

- | rj^li'fd^i + ri 2 (2(L i A ll )(L i A tt ) + W j + 2^L;A 

- - 85$1 (L 2 - 8ie yfc **J (L, <f$ fc ) - 8M>1<^) } 

(6.7) 

The action remains in the form inherited from the four-dimensional the- 
ory, it does not have the canonical form of a six-dimensional theory. Our 
calculation of the Higgsed M = 1* mass spectrum suggests that the eigen- 
states of the Higgsed M = 1* theory are the eigenstates of the sphere. We 
now perform a similarity transformation on these M = 1* fields and expand 
them in fields on the sphere. Our action will take the canonical form of a 
six-dimensional field theory. We begin with the scalar potential. 

V = 8rj 4 J dn5^\A ij 5^ j (6.8) 
Aij = (L 2 + l)Sij - ie ijk L k (6.9) 
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We can express the complex scalars as 5$j = (a^ + ibi) (a, and bi real) 
and define, 

3f = 4f.?.l ( 6 - 10 ) 



V2 V *i 

where the index a labels the two components. The scalar potential is, 



v = Br? 4 J dnyKd^^yf 



where the matrix (6y) a - = 5 a ~Aij. We use our knowledge of the eigenstates 

of the 2-sphere to find the eigenvectors of the operator Oij. The complete 
set of eigenvectors of the operator are, 

ef = v & J— iL t Y lm (0,<P) (6.Ha) 

X? = ^if^iiM^ + ^L^je,^) (6.11b) 

K,± 

where v a is an arbitrary 2-component object. 

We expand yf in the complete basis of eigenvectors, 

y? = Af + V? (6.12) 

where, 

Af = J^vt ^J__ ^ m (g,0) (6.13a) 

vf m is an arbitrary 2-component object for each value {l,m} and £^ is a 
complex coefficient. We must apply the gauge-fixing condition to our expan- 
sion. 

LiS^i = —= Li (cii + ibi) = (6.14) 
V2 

Consider vf m to be, 



Vim 
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—= it 
V2 



We can identify the fields a, and b i: 

—7= 0-i = I Vim r—— == iLiYi m + $^ \CTi^q ± lm + —LiQ q± l m j 

V2 lm [ + + _ v «± J 

~- ^2 \ Zlm /TTT-TTT tLiYlm + ^ €l™ \ a ^<l±lm + —Lfoq 
lm { VHi + lJ + _ V K± 

The T-spinor term is not constrained by the gauge-fixing as, 

Lj ^<Tif^ ± z m + — LiVL q±ln }j = (6.15) 
There is no constraint on Consider the remaining terms, 

= Lj ( V] yi m 1 il/i^m + Zi m rr^ = ^i^Zm 

= E (y«m + ^m) 7= iL 2 Y lm = 

Zm V H / + X ) 

The gauge-fixing condition imposes the constraint y; m = — zj m which allows 
us to choose, 

V lm = ^= ( _ X j Vim = V Vim 

hence v\v a = 1. We can express the expansion Af as, 

The scalar field Oj is real. This imposes a reality condition on the complex 
coefficient yi m , aj = (a*)* implies, 



lm lm 

= E^i(-i) m n-m 

Zm, 

= Ewr,-m(- 1 )" m<L *^ 



Zm 



hence, 

yL = (-i)- m y,,- m (6-17) 
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The eigenvectors of the matrix are orthogonal, therefore the cross-terms 
are zero. (Suppressing our indices). 

V = 8r/ 4 J dtt [AjOijAj + V.O.iP, } (6. 18) 

The first term gives, 

(6.19) 

where the Laplacian on the 2-sphere is, 

A S 2 = ^d a (g ah ^gd h ) = ij (cot 6d e + d e d e + esc 2 theta fyfy) (6.20) 

In section El we expanded vectors on the 2-sphere in the covariant and con- 
travariant vector harmonic, TJ ma and T lm a . The definition of these vector 
harmonics shows us how to define vector fields on the 2-sphere from spherical 
harmonics, 

MM) = R^2yi m -^=cac9d^Y lm (e,(f>) (6.21a) 

= #X^^777==rf n*09eYi m (9,<j>) (6.21b) 

Clearly the T-vector fields n a are real. We can write, 

R 2 ^2 Vlm Tfff i t A s 2 Yim = yim 7m i t I csc 61 ^ sin 61 

+csc 6 1 <9^ (csc 6 1 c^™) j 
= — (csc 6* deritf, — csc 6> c^ng") 

= 4 csc ^ ^ 

where = dgn^ — d^n®. The first term of the scalar potential (j6.18j) is, 

1 

R~ 2 , 

J (6.22) 
Ar, 2 / <mT ah T ah 



8r] 4 j dnA^OijAj =8t] 4 — j dQ csc 2 6T e <pFe, 
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as V 2 ~ jp- Consider the second term of the scalar potential, 

J J I'm' + - ^ ± 

= i? 2 / dfi ^ ^ ( C7i« 2 fl 9 y m < H — —LiK 2 VL q ' ± ii m i 

J I'm' +,- ^ K± 

= r 2 [ dn Ei^ytM^fa+^a^K 

J 1™ I'm' -I V i 



lm,l'm' + ,- 

— OiLiK 2 H 1 —L 2 k 2 ) n q > l 



q'^l'm' 



(Note cross-terms involving (q + , q'_) and (g_, q' + ) are zero due to the orthog- 
onality of the spherical spinors). Due to the orthogonality condition for the 
spherical spinors ()2.19|) we can consider, 

/ dQ til . ( 3 + \- o i L l + — (TiLi H l — L 2 ) Q q > Vm , 

= | rffi nj^ (s - J- (4 + 1) + ^l 2 ) n 



q'^_l'm' 



Therefore if we redefine the complex coefficient, 



t(±). /o_J_t(±) 



then, 



8T? 4 | dnPjOy^ = ST? 4 /? 2 JdnJ2J2 ^llrn^'J'rn' 

lm,l'm' +,— 

= 8^ 2 / ^4(^)V" 



(6.23) 

where, 

^(MHEE^WM (6-24) 

Zm +,— 

is a T-spinor field. The scalar potential is, 

v = s v 2 J dn |1 + el(« 2 ) V^} ( 6 - 25 ) 
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We treat the fermionic part in a similar way. 

Cfm = r] 4 J dtt {i^iEijkLk^j + 2WiU\ - ^^i} (6.26) 

Inspired by the SUSY tansformation of yf we define the following 2-component 
objects, 

X* — ( ^ iA \ 7« - J_ ( Aa \ 

lA y/2\iln) A B *iB) V2\i(l 5 ) A B ABj 

The interacting fermionic part is now, 

Cfuu = v a Jdn + 2ix£ (sy^h) z%) (6.27) 

with Aij = 5 a ~5 A B (ieijkLk — Sij). We expand the fermions of the chiral 
multiplets in the complete basis of eigenvectors of O^, 

X? A = Bf A + Kf A (6.28) 

with, 

Su = Yl u tmA (6.29a) 
Ka = EE U°i)*iPLiM *) + ^ L ^Lm(0, 0)) (6.29b) 

Im +,- ^ ± ' 

where i s a 50(3, 1) spinor coefficient. The coefficient uf mA is a 5*0(3, 1) 
spinor for each {/, m} and is a 2-component object like its bosonic counterpart 

a 1 ( $A B \ 

u lmA - ~E. I • /„, \ -B UimB 



V2 V * (75). 

Consider the terms, 

r] 4 J cM { i x \', , ji, Li, x \' j - Mi} =r] 4 J dn^Bi&ijBj + BAjTZj 

The only non-zero terms are, 

rf J cM n,X/R, = rf J cM (£(0, 0) K & $ (1(0, 0) (6.30) 
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where ((6, </>) is a fermionic T-spinor, 

d(M)-EEtt ±i m (6-3i) 

Ira +,— 

The remaining term of the interacting fermionic part is, 

2r] 2 J dQi^iLiA = 2rj 2 J dtt {iBf & LiZ% + iHf & LiZ%] (6.32) 

which contains the gaugino A. The 2-component object A A is expanded in 
spherical harmonics, 

Z%B^) = Y j ZLaYUQA) (6.33) 

i rn 

where Z" mA is a 50(3, 1) spinor coefficient and an arbitrary 2-component 
object like uf mA . 

& _ 1 / delta/ \ 
ZlmA ~V^\i (75)/ ) AlmB 
The second term of ()6.31|) vanishes, but the first term is, 

J dQ iB« A UZi = R Jdn^= Q^A A (6.34) 

where Q a b = d a gb — db9a is the 'field tensor' of the fermionic T-vector g a (0, (f) 
in analogy with the bosons, 

9oa{9,4>) = R ^2 u imA j= ^ esc 6 d^Yi m (6, 4>) (6.35a) 

Ira V l ( l + l ) 

g<t,A(0,(j>) = R ^ u lmA sin d e Yi m (6, 4>) (6.35b) 

Ira V l ( l + l ) 

—pQe<t>A = R/ui m A A S 2Y lm (6,(f>) (6.35c) 

V9 tT y/Kl + l) 



and, 



Therefore, 



A A (9,(j)) = J2 A i™aYi 



lm\ 

Ira 



2rf I dttiB i L l Z = r ] 3 / dVt^e ab G ab A (6.36) 
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where e e ^ = 1. The fermionic part has become, 

C-Fint = V 3 j dSl[l& « a 3 + £ a6 ^A} (6.37) 

Consider the terms originating from the M = 1* bosonic kinetic terms, 

C Bkm = -^j^V 2 [ dn{ - \f, v F^ - 2d (1 (8<S>\)d»(8<S> i ) 

9 ym ^K J 4 (6.38) 

+ 2r / 2 (L^)(L i ^)} 
The gauge boson is expanded in spherical harmonics, 

A M (0, 0) = ^ A ( ^ m Y, m (0, 0) (6.39) 

where A^i m is a complex coefficient. The first term in ()6.38|) is trivial. The 
third term is clearly, 

2rf J dn{LiA^(LiA") = 2 J dtt A^ApA 1 * (6.40) 

The second term is, 

2 V 2 J dn 8^1)8^8^) = 2rf J dnd^yjd^ 

= 2rf J dn (dpAlWAi +9^) 
We ignore the cross-terms due to the orthogonality of the eigenvectors, 



2rf J dQ d^d^Ai 



I'm l^im^ 



vwtwwtt) ±Ll2 

We can use equation ()2.6j) to re-express, 

1 i \ \ 

Vlm /in , in lLi Ylm = S Vlm m , T\ k i d " Y l™ = p -7= ^ 

Therefore, 

2r/ 2 J dQd^A^A, = 2V 2 -^ J dQd, (^k1g ah e bc n)j &> (±= kfg de e ef n f ^ 
= 2ry 2 y dQ d^n a d^n a 

(6.41) 
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The final term of the bosonic kinetic term is, 

lm,l'm' +,— ^ ' 

(6.42) 

The kinetic term of the gauginos is trivial. The kinetic term of the chiral 
spinors is, 

v 3 J dn^f(Y)/d^ tB = J dnx£(Y) A B d,x? B 

dn{B? & (7")/ d,B% + R \ (Y)/ d,n%} 



= v 3 



(6.43) 



Due to the orthogonality of the eigenvectors we ignore the cross-terms. Con- 
sider, 

v 3 [ dnBi{Y) A B d,Bf B = ^ f ffl^^^M/^) 

J J lm I'm' 



v/Z(Z + !)/'(/' + 1) 



x , =Y^Y Vml 



Now in analogy with the bosons, 



Yl UlmA 7777— T T = 4 -T= k ?9ab£ bc g c A (6.44) 

Therefore, 

= V 3 J dng^(r) A B d,g B 

(6.45) 
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Consider the final term, 

= >f / * £ £ £ (S M M / a,cS B ) 

Jm i'm' +,- 

x | , <7j H fit, i m Li\ ( ofil , „ , H — rLiVt , „ , ) 

^ <j±(m ' ^.^ <j±(m *y ^ ' q' ± l'rn' ^./^ ' q' ± l'm' J 

(6.46) 

Summarizing the above calculations, the resulting six-dimensional effec- 
tive action (contracting all spinor indices), 

S = ^^r, 2 j d'x JdQ{- -F. V F^ - % - rthrfd^ - \ V9aYd,g a 
- AF ab F ah - 8£ V£ + 77 (> C + ^ e ab Q ab A} 

(6.47) 

The T-spinors are all expressed in terms of the cartesian basis of spherical 
spinors, however in our calculation of the MN spectrum we used spherical 
spinors in the spherical basis, therefore we will express the action in this 
basis. 

f = V*E C = V j T (6.48) 

Which gives the action, 

Tf^T - 2d^n a d»n a - 2d l 0d*E + 2^A s2 ^ - ±T ah T ah 
- 8 Ht(-^V S2 ) 2 Z + V T%(-tV s ,)T + -L V e ab g ab A} 

(6.49) 

The above action has the canonical form of a six-dimensional theory and 
the calculation of Sections 5 implies that it has the correct spectrum. The 
action contains no interaction terms as one would expect in a U(l) gauge 



44 



theory with adjoint matter and there are also no explicit mass terms. The 
six-dimensional theory has intrinsically massless fields propagating along the 
flat four dimensional spacetime and along the compact 2-manifold. It is the 
compactness of the 2-manifold which gives mass to the theory. This is to 
be expected as the MN compactification is a twisted compactification of the 
massless Af = (1,1) SUSY Yang-Mills theory. The fields are summarized 
below. 



Fields 


T-Spin 


Spin 




T-scalar 






T-spinor 


Bosons 


n a 


T-vector 




A 


T-scalar 




T 


T-spinor 


Fermions 


9a 


T-vector 





We can see how the twisted compactification of Maldacena and Nunez is 
realized in the classical action. The bosonic T-scalars, fermionic T-spinors 
and bosonic T-vectors are all realized as in an untwisted field theory. The 
kinetic term of the bosonic T-spinors on the 2-sphere is realized as the square 
of the Dirac operator. This makes perfect sense. The kinetic term of a boson 
is quadratic in derivatives whilst a fermion is linear in derivatives. It is 
not possible to remove a derivative from the action, therefore the bosonic 
T-spinors must be quadratic in derivatives. In a standard field theory the 
spinors have a Dirac operator, linear in derivatives, so it is sensible for the 
kinetic term of the bosonic T-spinor to be the square of the Dirac operator 
on the sphere. We find the fermionic T-scalars and fermionic T-vectors have 
a coupled kinetic term. We can think of this term as a combined square 
root of a scalar Laplacian and a Maxwell term. This makes sense for the 
same reason as the bosonic T-spinor. The fields are fermions and hence 
linear in derivatives, so the kinetic term for the fermionic T-scalars and T- 
vectors must be a "square root" of the canonical kinetic term for scalars and 
vectors, respectively. The origin of the "coupled kinetic term" can be seen 
in the Af = (1, 1) action (jA.12|) . The fields A^ are in the 4 representation of 
SU(4) . It is this Af = (1, 1) spinor which forms the fermionic T-scalars and 
fermionic T-vectors of the Maldacena-Niinez compactification. Therefore the 
term, 

from the Af = (1,1) action will upon twisted compactification give rise to the 
term coupling the fermionic T-scalars and fermionic T-vectors. Futhermore, 
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the Kaluza-Klein spectrum of the MN compactifcation suggests a coupling 
between the fermionic T-scalars and T-vectors. In order to organise the 
MN fields into Af = 1 multiplets we had to combine the T-scalars with the 
T-vectors to obtain massive vector multiplets. 

Finally we can also see that the effective action calculated above is iden- 
tical to the bosonic action ()3.13|) derived from the Af = (1,1) SUSY Yang- 
Mills action. In particular, with appropriate rescaling of the fields 7 , fix- 
ing the gauge d a n a = and the integration by parts of the kinetic term 
of the U{\) gauge field, ()3.13j) is identical to the bosonic part of (j6.47j) . 
with six-dimensional coupling g\ = 4nR 2 gy m /N. As the Af = (1,1) SUSY 
Yang-Mills theory is supersymmetric this is sufficient evidence to show that 
the Maldacena-Nunez compactification is equivalent to the Higgsed Af = 1* 
SUSY Yang-Mills theory in the limit N oo. 

The work of ND is supported by a PPARC senior fellowship. RPA would 
like to thank Tim Hollowood and Carlos Nunez for their help, support and 
suggestions. 



A Clifford Algebras 

Our notation generally follows that of Wess and Bagger [22], with metric 
convention (—,+,+,-1-,...). For the four- dimensional theories we use the 
50(3, 1) Clifford algebra of Wess and Bagger, 



The S0(3, 1) chirality matrix is, 



7 5 = 7V7V = ( ^ ?) (A.2) 

We derive the Af = (1,1) SUSY Yang-Mills theory in a six- dimensional 
spacetime from the Af = 1 SUSY Yang-Mills theory in a ten-dimensional 
spacetime, via Trivial Dimensional Reduction. The action for Af = 1 SUSY 
Yang-Mills in ten spacetime dimensions is, 

S = j 2 J d w x (-\f mn F mn - l ~*r M d M *\ (A.3) 



7 This including the absorbing of the mass parameter 77 to return the fields to the correct 
mass dimension. 
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Fmn = 9m An — djyA M , where A M is a ten-dimensional gauge field and \I> is 
a 32-component spinor of 50(9, 1), M — 0, 1, . . . , 9. Trivial dimensional re- 
duction assumes the ten dimensional fields in the above action are dependent 
on only the first six dimensions x l , where i = 0, 1, . . . , 5. 

F MN F MN = FijF" +2d l( j) m d^ m 

where m = A m , m = 1,2, 3, 4. To calculate the spinor contribution we must 
decompose the Majorana-Weyl spinor of 5*0(9, 1) in to a representation of 
50(5,1) x 50(4). 

16 -(4, 2, 1)0(4,1,2) (A.4) 

This decomposition is obtained by the following Clifford algebra decomposi- 
tion of 50(9,1). 

T M = |p®7 5 ,l 8 ®7 m } (A.5) 

where P is the 50(5, 1) Clifford algebra and 7 m is the 50(4) Clifford algebra. 
The algebra for 50(5, 1) follows from [2*o] . 

(A.6) 



£' 




where, 



T} = (-ir} 3 ,ifj 3 ,r} 2 ,ifj 2 ,r] 1 ,ifj 1 ) (A. 7a) 

f} = (irj 3 ,ifj 3 ,-ri 2 ,iff,-T] 1 ,ifj 1 ) (A. 7b) 



where ?? c and r/ c are the t'Hooft eta symbols. The algebra for 50(4) is |26] . 

r=^m (A.8) 

where r m = (cr, — £1) and f m = (a, it). 

From the chirality condition the spinor \I/ decomposes into, 

(A - 9) 

where A = 1, 2, 3, 4 is an 50(5, 1) spinor index and a, a = 1,2 are SU{2)a x 
SU(2)b ~ 50(4) spinor indices. From the Majorana condition the Weyl 
spinors have the following hermitian conjugates. 

= £%A^ (A.lOa) 

A|) t = Y? AB \ B « (A.lOb) 
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The fermionic term is, 

wr M d M y = i\ A ^ AB dX + i\A«x iAB di\% (A.n; 

and the full Af = (1, 1) SUSY Yang-Mills actions is, 



-X A ^ AB dX - ^A^ tAB mj (A.12) 

The 50(4) Clifford algebra has the following identities, 

Tr r m f n = 2 5 mn (A. 13a) 

(T m )«*(r m )^ = 2 5a%~ (A.13b) 

(r m ) M (r m )^ = -2e&e& (A. 13c) 

The 5*0(4) bispinor has the hermitian conjugate, 

fef = (A5) t (Ai) t 



XAg_X Aa 
\Aa\ 

a 
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